FINITE GROUP SUBSCHEMES OF ABELIAN VARIETIES 

OVER FINITE FIELDS 



SERGEY RYBAKOV 

I Abstract. Let A be an abelian variety over a finite field k. The fc-isogeny class of A is uniquely 

CS| ' determined by the Weil polynomial /a- We assume that /a has no multiple roots. For a given 

, prime number i ^ char A: we give a classification of groupschemes -B[£], where B runs through 

^ ' the isogeny class, in terms of certain Newton polygons associated to ] a- As an application we 

classify zeta functions of Kummer surfaces over k. 
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1. Introduction. 



Let A be an abelian variety over a finite field A; = Fg. Let A\m\ be the group subscheme of A 
annulated by m. Fix a prime number C- ^ p = char/c. We say that A[i] is the i-torsion of A. 
Suppose that the endomorphism algebra of A over k is commutative. In this paper we classify 
^-torsion of varieties from the A;-isogeny class of A. This result is similar to the classification of 
groups of fc-points A{k) (see |RylO] ). These two problems are closely related, but the former 
^ ■ one seems to be easier. For example, we give a full classification of ^-torsion for abelian surfaces, 
^ but so far we have no idea how to describe groups of fc-points on abelian surfaces belonging to a 

, particular nonsimple isogeny class. 
^ ] The paper is organized as follows. In section 2 we introduce some notation and prove several 
' preliminary results. In particular we reduce the problem to a particular linear algebra question. 
We give here a simplified version of this question. Let be a nilpotent d x d matrix over F^, 
and let Q G l^elt] be a polynomial of degree d without multiple roots such that Q = t'^ mod i. Is 
it possible to find a matrix M over such that the characteristic polynomial of M is Q, and 
M = N mod £7 We will refer to this question as lifting of the nilpotent matrix N to with 
respect to Q. 

In section 3 we associate to a nilpotent matrix a polygon of special type. Let mi > ■ ■ ■ > 
be the dimensions of the Jordan cells of A^. The numbers mi, . . . , ruj. determine the matrix up to 
conjugation. The Young polygon Yp(A^) of is the convex polygon with vertices (X]j=i "^ii 
for < z < r. For a polynomial Q G Z[t] we denote by Np^{Q) the Newton polygon of Q 
with respect to i (see Section 3 for a precise definition). The main result of section 3 can be 
reformulated as follows: one can lift A^ to Z^ with respect to Q if and only if Np(Q) lies on or 
above Yp(A^) (see Theorems 13.21 and 13.31) . This result allows one to classify f-torsion of abelain 
varieties belonging to an isogeny class corresponding to the Weil polynomial without multiple 
roots. 

In section 4 we establish a relationship between Young polygons for the Frobenius actions on 
an abelian variety and its dual. We also treat the following question due to B. Poonen: is it true 
that for an abelian surface A the group of /c-rational points A{k) is isomorphic to the the group 
of /c-rational points A{k) on its dual? The answer is no, and we give a counterexample. 
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In section 5 we establish a connection between (generalized) matrix factorizations and Tate 
modules. This technique turns out to be useful when Weil polynomials have multiple roots. 

In section 6 we explicitly classify ^-torsion of abelian surfaces. In the final section we apply 
this result to the classification of zeta functions of Kummer surfaces. 

The author is grateful to M.A. Tsfasman for his attention to this work and to A. Kuznetsov 
and A. Zykin for providing useful corrections and comments on the paper. 

2. Preliminaries 

Throughout this paper k is a finite field ¥q of characteristic p. Let A and B be abelian varieties 
over k. Then the group Hom(A, B) of fc-homomorphisms from A to 5 is finitely generated and 
torsionfree. The algebra End°(A) = Hom(74, A) Q contains the Frobenius endomorphism F, 
its center is equal to Q[F], and the center of End°(y4) ®q Qe is Q^f-F]. 

Let A be an abelian variety of dimension g over a field k, and let k be an algebraic closure 
of k. For a natural number m denote by Am the kernel of multiplication by m in A{k). Let 
A[m\ be the group subscheme of A, which is the kernel of multiplication by m. By definition 
Am = A[m]{k). For any prime i ^ p let Ti{A) = limA^r be the Tate module of A, and let 

Vi{A) = Ti{A) be the corresponding vector space over Q^. Then Ti{A) is a free Z^- module 

of rank 2g. The Frobenius endomorphism F oi A acts on the Tate module by a semisimple linear 
operator, which we also denote by F : T£{A) — )■ T£{A). The characteristic polynomial 

fA{t) = det{t-F) 

is called the Weil polynomial of A. It is a monic polynomial of degree 2g with rational integer 
coefficients independent of the choice of prime i. It is well known that for isogenous varieties 
A and B we have /a(^) = fsif)- Tate proved that the isogeny class of an abelian variety is 
determined by its characteristic polynomial, that is /a(^) = fsit) implies that A is isogenous to 
B. The polynomial /a has no multiple roots if and only if the endomorphism algebra End°(74) 
is commutative (see |WM69] ). 

Thus we have a nice description of isogeny classes of abelian varieties over k in terms of Weil 
polynomials. It looks natural to consider classification problems concerning abelian varieties 
inside a given isogeny class. Our goal is to describe ^-torsion of abelian varieties. First we reduce 
the problem to a linear algebra problem in a sequence of steps. 

Reduction step 0. A finite etale groupscheme G over k is uniquely determined by the 
Frobenius action on G(k) (see |De78j ). li i ■ G = 0, then G{k) is an F^-vector space and 
Frobenius action is F^-linear. By definition of the Tate module, we have 74[£](A;) = Ti{A) / iT£{A) . 
Thus the structure of a group scheme on A[i] depends only on the module structure on Ti{A) 
over R = Z^[F]. Moreover, since the action of F on V!f(A) is semisimple, we know the structure 
of the i?-module on Vi^A). Let 

where f^^"^ divides f^^~^\ and suppose that /^■'•' has no multiple roots for 1 < j < s. Then 

VeiA)^®,QeWf^'\mi{t] 

as /^-modules, where F acts on the right by multiplication by t. 

The following lemma shows what i?-modules can arise as Tate modules of varieties from a 
fixed isogeny class. 
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Lemma 2.1. jMilOSl IV.2.3] If f : B ^ A is an isogeny then, Te{f) : Te{B) Ti{A) is an 
embedding of R-modules, and ifT denotes its image then 

(1) F{T) CT and T Q, ^ T,{A) Q,. 

Conversely, if T G Tf {A) is a Zg-submodule such that (C]) holds, then there exists an abelian 
variety B defined over k and an isogeny f : B ^ A such that Ti{f) induces an isomorphism 
Ti{B) = T. □ 

Lemma 2.2. Let S be a complete local ring with maximal ideal p. Suppose we are given a family 
of polynomials Pi, hi G S\t\ such that Pi = h'f^ mod p, and hi are pairwise coprime modulo p. 
Then 

S[t]/l[P.S[t] = l[S[t]/P,{t)S[t]. 

Proof. Note that Pi generate pairwise comaximal ideals in S[t], i.e. PiS[t] + PjS[t] = S[t] for 
i 7^ j. Indeed, giPi + (72-Pj = 1 niod p for some polynomials gi and g2 € Clearly, this is an 

upper triangular system of linear congruences on the coefficients of gi . By Hensel lemma one can 
change coefficients of gi to get an equality giPi + 5'2-Pi = 1- The lemma follows by the Chinese 
remainder theorem. □ 

Reduction step 1. Let T be a Tate module. Suppose we are given a family of polynomials 
Pi, hi G S[t] as in Lemma O such that f^^\t) = H^i- Take 

Ri = Z,[t]/Pi{t)Z,[t]. 

It follows that T = ©Tj, where Tj = RiT is an i?j-module for any i. Moreover, the image of t in 
Ri acts on Tj as Frobenius. We have reduced our task to the following question. Let / G 
satisfy f(t) = h(tY mod i, where h(t) G Z^lt] is irreducible modulo £. Suppose 

f = Uf^'\ 

i=i 

where f^^^ divides f^-'~^\ and suppose that f^^^ has no multiple roots for I < j < s. Take 

R = Ze[t]/f^'\t)Ze[t]. 

Classify all possible modules of the form T/iT, where T is an /^-invariant Z^-lattice in 

V = (BMt]/f'^'\t)Q,[t]. 
The polynomial h is irreducible modulo i, thus by |KF67l Proposition 1.7.1] the field 

L = Qe[t]/h{t)Qe[t] 

is an unramified extension of Q^. Denote by 5* the ring of integers of L. Then T S is an 
R 5-invariant Zrlattice in V S. If h{t) = Yl^{t - Oi) mod i, then f^^\t) = U fj^\t) 
such that /^■'■' G S[t] and 

By Lemma [2.21 

R®z,S^l[S[t]/f,{t)S[t], 

and as before T ®z<, S = ®Ti, where Tj is an S'[i(:]//j(t)S'[t]-module. Note that Tj = T as 
-R-modules, and 

R^S[t]/f['^S[t]. 

The polynomial Q{t) = fi{t + ai) is the characteristic polynomial of the action of T — ai on Ti. 
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Definition 2.3. We call the triple {f,h,Q) a distinguished triple of polynomials, if 

(1) polynomials f,h e Z^[i] are monic, and S — 'L(\t\/h{t)'L([t\ is a regular local ring with 
unramified fraction field; 

(2) f{t) = h{tY mod £; 

(3) Q e S[t], and Q{t) = mod L 

(4) Suppose / = n/j ^ before, and h{t) = Yl-{t — ai) mod £; then Q{t) = fi(t + ai). 

Reduction step 2. Let T be a direct (F-equivariant) summand of a Tate module as in step 
1. If / has no multiple roots, then T (g)^^ = i? (g)^^ Q^, and our problem reduced to the 
following linear algebra problem. Let (/, /i, Q) be a distinguished triple of polynomials, and let 
V = R be a Q^-vector space with an action of R. Describe all finite /^-modules (up to 

isomorphism) of the form T /IT, where T is an arbitrary /^-invariant S'-lattice in V . 

If we choose a basis of T, the problem can be reformulated as follows. Let be a matrix of 
the action of F — ai on T/IT in some basis over the finite field S/IS. It is a nilpotent matrix over 
S/iS, since Q = mod i. Is it possible to find a matrix M over S such that Q{t) = det(t — M), 
and M = N mod £7 We will refer to this question as lifting of nilpotent matrix N to S with 
respect to Q. 

3. Finite group subschemes of abelian varieties 

Let L be an unramified extension of Q^, and let S be its ring of integers. Let Q e S[t] be a 
polynomial of degree d such that Q = mod £, and let iV be a nilpotent d x d matrix over 
S/iS. In this section we give a partial answer to the question: when is it possible to lift N to S 
with respect to Q7 Using this result we get a classification of group schemes of the form A[i] for 
A from a fixed isogeny class such that /a has no multiple roots. 

First we associate to a polygon of special type. 

Definition 3.1. Let N he a, nilpotent d x d matrix over a field, and let mi >■■•> rrir be the 
dimensions of its Jordan cells. The numbers mi, ... , determine this matrix up to conjugation. 
The Young polygon Yp{N) of N is the convex polygon with vertices {Yl]=i "^j; i) for < i < r. 
We write Yp(A'") = (mi, . . . , rrir). 

The Young polygon has (0, 0) and {d, r) as its endpoints, and its slopes are 1/mi, . . . , l/rrir. For 
example, the following picture shows Young polygons for the zero and a nonzero 2x2 nilpotent 
matrixes. 




12 12 
Pic. 1 Pic. 2 



We will use the following notation. Let T be a finitely generated free ^'-module, and let E be 
an (S-linear endomorphism of T that induces on T/£T a nilpotent endomorphism with matrix N 
in some basis. By definition, Yp(£'|T) — Yp[N). Clearly, this definition does not depend on a 
choice of basis. 

Denote by u the normalized valuation on L, i.e. z/(£) = 1. Let Q{t) = ^^iQif^'^ be a 
polynomial of degree d over L. Take the lower convex hull of the points (i, I'iQi)) for < i < 
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degQ in R^. The boundary of this region is called the Newton polygon Np(Q) ofQ. Its vertices 
have integer coefficients, and (0,0) and [d^viQd)) are its endpoints. The slopes of Q are the 
slopes of this polygon. Note that each slope has a multiplicity. We always assume that 
Ai < • • • < Ar, and write 

Np(Q) = (Ai,...,A,). 

Theorem 3.2. Let T he a finitely generated free S -module, and let x he a linear operator on T . 
Suppose Q{t) — det(i — x\T ®s L) is the characteristic polynomial of the action of x on T . Then 
Np((5) lies on or above Y^{x\T). 

Proof. Let Yp(a;|T) = (mi, . . . , m^). By Nakayama lemma there exist generators Vi, . . . ,Vr of T 
over R such that 

vi. xvi .... x'"'"-^t'i, .... V,, .... x"^""-^?;,. 

give a Jordan basis in T /IT for x. Let i/ be a matrix of x in this basis and let Hi^^,,,^i^ be the 
determinant of the submatrix of H cut by the columns and rows with the numbers ii, . . . ,i 
The characteristic polynomial of x acting on T is 

d 



m- 



1=0 



and 



It follows that 



(-1)™ 



n<---<in 



i^(om) > . min v{Hi^^,„^iJ. 

ll<---<«m 



Let m = mi + • • • + m^-i + a, where < a < m^. We have to show that if ^ 0, 

then i^(i?ii,...,i„) > s. Note that if i 7^ mi + • • • + m^ for all j, then the i-th column of H has 1 
only in the position number i + 1, and its other entries are zero. Thus if i G {ii, . . . ,im}, and 
7^ 0, then i + 1 G {ii, . . . , im}. If i = mi + ■ ■ ■ + m^ for some j, then I divides the i-th 
column. We see that if Hi^^,,,^i^ ^ 0, then the set {ii, . . . , im} is a union of blocks. Each block is 
an interval 

+ 1, . . . ,mi H 

of length not greater than ruj. If m > mi + • ■ ■ + rn^-i, then the set {ii, . . . , i^} contains no less 
then s blocks, and u{Hi^ i^) > s. Thus if (m, u^am)) is a vertex of Np((5) then z^(aj„) > s, and 
Np((5) lies on or above Yp(x|T). □ 

Theorem 3.3. Let R = S[t]/Q{t)S[t], and let V = R®i^ Q^. Let N be a nilpotent matrix 
such that Np((5) lies on or above Yp(A^). Then there exists an R-lattice T in V such that 
Yp(a;|T) = Yp(iV). 

Proof. Recall that Q = det{t — x\V) is the minimal polynomial of the action of a; on V. Let 
Yp(A'") = (mi, . . . , rur). First we construct the generators vi, . . . ,Vr oi T in V such that R C 
T CV. Let m = mi H h m^, and let Q(t) = J2t=o aif^''- For 1 < s < r we put 

x"^ + J2T=i ajX""'' 

-s^^ - Is ■ 

Finally, let vi — 1, and let Vr+i — 0. Note that 

Vi, XVi . . . , x'^^~^Vi, . . . ,Vr, ■ ■ ■ , x'^'"~^Vr 

have different degrees viewed as polynomials in x, and hence generate T over 5". 
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Now we prove that T is an i?-module. The point (m — m^, s — 1) is a vertex of Yp(A^). By 
assumption Np(Q) hes on or above Yp(A^), thus (m — m^, s — 1) is not higher than Np(Q). It 
follows that £^ divides aj for all j > m — mg. Thus 

Moreover, 

x'^^Vs = ^{vs+l-Us)e^T. 

This proves that xT C T, and that Yp(x|T) = Yp(A^). □ 

It follows that one can lift to 5 with respect to Q if and only if Np(Q) lies on or above 
Yp(A^). 

Example 3.4. Let Q{t) = t"^ — it — i. Its Newton polygon is drawn on Picture 2. Then we can 
lift the nonzero nilpotent Jordan cell (its Young polygon is equal to Np((5(t))). For example, 
take 

Clearly, Q(t) = det(t — M). We can not lift the zero matrix, because its Young polygon (see 
Pic. 1) is higher than Np(Q). 

Let E be an endomorphism of a vector space V with characteristic polynomial h{t) = + 
ad-if^^^ + . . . ait + flo- It is well known that if h has no multiple roots, then in some basis the 
matrix of E is the companion matrix M{h) of h (see |HK71] ): 

/O -ao \ 

1 



' ■ • -ad-2 
\ 1 -aa-ij 

Let Im be the identity matrix of dimension m. For a polynomial h G 'L(\t] we denote its reduction 
modulo ihy h e ¥e[t]. 

Let (/, h, Q) be a distinguished triple of polynomials. We use the notation of section [2j The 
following simple proposition allows one to compute a matrix of the Frobenius endomorphism. 

Proposition 3.5. Let N he the matrix of x in some basis ofT/iT over S . Then in some basis 
ofT/iT over ¥g the element F = x + a acts with matrix M{h) ® Id + Idcgh ^ N. □ 

Proof. We know that a acts on S/iS with matrix M{h) in some basis over F^. Thus a acts on 
T jlT with matrix M(h) ^ Id- On the other hand, x acts on T/iT with matrix Idcgh^N in some 
basis over F^. □ 

Recall that the groupschemes we are interested in are uniquely determined by the linear Frobe- 
nius action on the group of fc-points. Let be a nilpotent d x rf-matrix. 

Definition 3.6. A distinguished groupscheme (associated to (/, h, Q) and N) is a finite etale 
groupscheme A(/, A^) over k such that dimp^ A[f, N){k) = deg/, and F acts on A{f, N){k) with 
the matrix M{h) ® Id + Idegh ^ N in some basis, where Np((5) lies on or above Yp(A^). 

Note that for a given / the polynomial h in a. distinguished triple (/, h, Q) is uniquely deter- 
mined modulo i. Thus A{f, N) is uniquely determined by / and up to an isomorphism. 
Combining Theorems 13.21 and 13.31 with results of section [2] we obtain the following corollaries. 
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Corollary 3.7. Let A be an abelian variety overk. Let {fi,hi,Qi) be a family of distinguished 
triples of polynomials such that the Weil polynomial fA = Hi /«> ^'^^ ^« ^'"^ pairwise coprime 
modulo i. Then A[i] = (BA{fi, Ni) is a sum of distinguished groupschemes. 

Proof Let Si = Ze[t]/hi{t)Ze[t], and let Ri = S[t]/Qi{t)S[t] . By Lemma[2jT^(A) = ®Ti, where 
Tj = RiT is an i?j-module. For any i let vTj be the image of t in Ri, and let = /if' mod £. Then 
by Proposition 13.51 and Theorem 13.21 tt, acts on Ti/iTi with the matrix M{hi) ® Idi + ^dcghi ® Ni, 
where Ni is a nilpotent matrix such that Np((5j) lies on or above Yp(A^j). □ 

Corollary 3.8. Let A be an abelian variety over k. Suppose f^ has no multiple roots. Let 
{fi,hi,Qi) be a family of distinguished triples of polynomials such that f^ = Y[ifi> ^'^^ ^« 
pairwise coprime modulo i. Then for any family of distinguished groupschemes A{fi,Ni) there 
exists an abelian variety B isogenous to A such that B[l] = (BA{fi, Ni) . 

Proof Since fA has no multiple roots, Vi{A) = Qe[t]/ fA(t)Qe[t]. As before, let Si = 
Zi[t]/hi{t)Zi[t], and let Ri = S[t]/Qi{t)S[t]. Then Ve{A) ^ ®Vi, where Vi = RiV is an Ri- 
module. Let be a root of hi. By Theorem 13.31 there exists an S'j-lattice Tj C such that 
F — Oi acts on Ti/iTi with matrix Ni in some basis over Si/iSi. Let T = ©Tj, then by Propo- 
sition [3]5]F acts on T/£T with matrix Q)i{M{hi) IdegQi + Ideghi ® Ni). By Lemma [27T] there 
exists a variety B such that T = Ti{B). □ 

For the proof of the previous corollary we need the lift M of a nilpotent matrix with respect 
to Q to be semisimple, because the Frobenius action is semisimple on Vi{A). On the other hand, 
if Q has multiple roots then the construction of Theorem 13.31 never gives a semisimple matrix. 
HQ = P'% and P G S[t] has no multiple roots, we may apply the following construction to 
obtain a semisimple lift M. Let Nj be a family of nilpotent matrices for 1 < j < s such that 
Np(P)) lies on or above Yp{Nj). Then the argument of Theorem 13.31 gives latices Tj such that 
Yp(x| © Tj) = Yp{(BNj). For a general P we do not obtain all possible actions of x on T/£T, 
but obviously we have the following result. 

Proposition 3.9. Let degP = 2. There exists an S -lattice T of rank 2r such that x acts on 
T/£T with a matrix N in some basis if and only ifNp{P^) lies on or above Yp{N), and all slopes 
ofYp{N) are equal to 1/2 or 1. □ 

Proof. Suppose such a lattice T exists. Since degP = 2, any Jordan cell of N has dimension at 
most 2. Conversely, = ©Aj, where each A'j is a 2 x 2 nilpotent matrix. By Theorem 13. 3l for any 
i there exists an S'-lattice Tj such that x acts on Ti/£Ti with the matrix Aj. Then T = ©Tj. □ 

4. Young polygons and duality. 

By A we denote the dual variety of an abelian variety A. Suppose (/, h, Q) is a distinguished 
triple of polynomials such that / divides /a, and polynomials / and /a// have no common 
roots modulo £. By lemma [2^2] there exists a direct summand T of Ti{A) such that F acts on 
T with characteristic polynomial /. Put f{t) = }), and denote the corresponding direct 

summand of T^(A) for / by T. 

Proposition 4.1. Let a be a root of h. ThenYp{F — a\T) =Yp{F — q/a\T). 

Proof. There is a Weil pairing e : Ti(A) x Ti(A) — > such that e{Fx,Fy) = qe{x,y), where 
X G Ti{A) and y G Ti{A) |Mum70j . Its restriction to T x T is nondegenerate. Let S = Zi[a]. 
By an integral version of Deligne trick |BGK06t Lemma 3.1] there exists an S'-linear pairing 
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es : T X T ^ S such that es{Fx, Fy) = qes{x, y) and e = Ttl/q^ o e^, where L is the fraction 
field of S. We have 

es{Fx, y) = es{Fx, F{F-'y)) = es{x, {qF-')y). 
Let M = ®i{M{hi) ® + Ideghi ® Ni) be the matrix of the action of F on T/£T in some basis 
over S/iS, and let M be the matrix of the action of F on T/iT in the dual basis. It follows 
that M* = qM~^, where •* means transpose. We see that for any cell of M corresponding to 
the nilpotent matrix iVj there exists a cell of M corresponding to the same matrix iVj. The 
proposition follows. □ 

We now give an example of an abelian surface A such that the group of points A{k) is not 
isomorphic to the group of points on the dual surface A{k). Recall that A[k) is a kernel of 
1 - F : A ^ A, and the ^-component A{k)i = ker 1 - F : Ti{A) Ti{A). 

Example 4.2. Let g = 7, and let £ = 5. Suppose fa{t) =t^ + 2t + 7 and fbit) =t'^ -3t + 7 are 
Weil polynomials of two elliptic curves. The polynomial / = fafb is the Weil polynomial of an 
abelian surface. Note that fait) = fb{t) = (t — l)(t — q) mod 5. Thus we have a decomposition 
/ = /1/2 over Z5, where fi = {t — 1)^ mod 5, and f2 = (t — g)^ mod 5. For any abelian surface 
B with Weil polynomial / we have a decomposition T^{B) = Ti © T2, where F acts on Tj with 
characteristic polynomial fi for i = 1,2. By Theorem 13.21 F — 1 acts on Ti/5Ti trivially and by 
Theorem 13.31 there exists a lattice T in T2 ® Q such that F — q acts on T/5T nontrivially. In 
the first case the Young polygon of F — 1 is (1/2), and in the second case the Young polygon of 
F — q is (1, 1). By Lemma [2.11 there exists an abelian surface A such that Tr,[A) = Ti © T2. By 
the previous proposition AiWj)^ = Z/5Z © Z/5Z, and ^{¥7)5 = Z/25Z. 

5. Matrix factorizations. 

Let S be the ring of integers in a finite unramified extension L of Q^. Fix a pair of polynomials 
/, /i G S[t] and a positive integer r. Let R = S[t]/ fiS[t], and let S = S/£S. Denote by x E R 
the image of t under the natural projection from S[t]. 

Definition 5.1. A matrix factorization [X, Y) is a pair of r x r matrices with coefficients in S 
such that YX = fi ■ Ir and det X = f. 

A matrix factorization corresponds to a finitely generated i?-module T given by the presenta- 
tion: 

(2) S[tY ^ S[tY ^ T ^ 0, 

because we may consider T as an S'[t]-module which is annihilated by /i. 

Proposition 5.2. Suppose fi = f^^ mod i, and deg/i = di. The module T is free of finite 
rank d over S , and characteristic polynomial of the action of x on T is equal to f . 

Proof Since fi = f^^ mod i and deg/i = di, the ring R is generated as S*- module by the 
elements 1, x, . . . , x'^^"^. By definition, T is a finitely generated i?-module, thus it is finitely 
generated over S. 

Take the tensor product of the presentation ([2]) with S[t]: 

S[tY ^ S[tY ^T0sS ^0. 

The ring S[t] is a principal ideal domain, thus there exist matrices Mi and M2 over S[t] such 
that det Mi = det M2 = 1 and M1XM2 is a diagonal matrix with determinant f^. It follows that 
M1XM2 is a diagonal matrix diag(a;'"^, . . . , x™"') for some mi . . . , G N. We get 

T^sS^®US[t]/^""'S[t]. 
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By Nakayama lemma T is generated by d elements over S. 
Now take a presentation of T (^s L\ 

As before, there exist matrices M3 and M4 over L[t] such that detMa = det M4 = 1 and 
M3XM4 = diag((7i, ...,gr). Clearly, 

T^sL = ®UL[t]/g,L[t], 

and rkT = d. This proves that T is free over S. To conclude the prof we recall that the 
characteristic polynomial of the action of t on L[t]/giL[t] is equal to Qi. □ 

The following proposition shows that modules over R give rise to matrix factorizations. 

Proposition 5.3. Let T be an R-module which is free of finite rank over S. Suppose that T 
can he generated over R by r elements, and that Yp(x|T) = (mi, . . . ,mr). Then there exists a 
matrix factorization {X,Y) such that T has presentation and 

X = diag(t'"\...,t'"'-) modi. 

Proof. Let Vi, . . . ,Vr be generators of T over R. Then x"^^Vi = J2j where aji G S[t] and 

degttjj < nij. Take X to be the matrix with entries t"^^6ji — aji. Define an i?-module T' by the 
presentation: 

s[tY ^ s[tY r ^ 0. 

Let m = Yli'^^i- Then detX = mod i, and from the inequalities degaj, < mj it follows that 
det X is a polynomial of degree m. By Proposition 15.21 T' is a free S module of rank m. By 
definition of T' we have a surjective map of 5'-modules T' — )■ T. Since they have the same rank 
as S-modules this map is an isomorphism, and by Proposition 15.21 det X = f. 
Multiplying presentation ([2]) with /i we get a commutative diagram 

s[tY — s[tY — - T — - 



/i 



/i 



s[tY — s[tY — - T — - 

Since S[tY is free, there exists a matrix Y such that the diagram 

s[tY s[tY — - T — - 




s[tY — 






h 





s[tY 





s[tY s[tY — - T — - 

commutes. It follows that YX = filr. Thus, the pair {X, Y) is a matrix factorization. □ 

Example 5.4. Let deg/i = 3 and / = ff. Suppose /i has no multiple roots. When there exists 
an i?-module T such that x acts with r = 3 Jordan cells of dimension 2? By Proposition 15.31 
such a module exists iff there exists a matrix factorization (X, Y) such that 

X = diag(t^t^t^) modi 

The matrix factorization (Y, X) gives a module T' over R which is generated by 3 elements and 
the characteristic polynomial of x is equal to detF = ff/f = fi. Moreover, Y = diag(t,t, t) 
mod £. It follows that Yp(a;|T') = (1, 1, 1). By Theorems 13.21 and 13.31 such a module T' exists iff 
Np(/i) lies on or above Yp(x|T'). 
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6. ^-TORSION OF ABELIAN SURFACES. 

In this section we classify ^-torsion of abelian surfaces. 

Theorem 6.1. Let A be an abelian surface over k with the Weil polynomial fA{t) = + ait^ + 
02^^ + qdit + ■ Suppose first that has no multiple roots, then we have the following five cases: 

(1) : if fA{t) ho,s no multiple roots modulo i then A[i] = y4(/^,0); 

(2) : if f Ait) = /1/2 mod i, where fi = {t — a)^ mod i, and /2 is irreducible modulo i, then 
A[i] = A{f2, 0) © A{fi{t + a),N), where N is a mlpotent 2x2 matrix; 

(3) : if fA{t) = /1/2 mod where fi = {t — mod i, for 2 = 1,2 and ai ^ ^2 mod i, 
then A[e] = A{fi{t + ai), A^i) © A{f2{t + aa), N2), where Ni and N2 are mlpotent 2x2- 
matrices; 

(4) : if fA{t) = h{ty mod where h is irreducible modulo i, then A[i] = A{fA,N), where 
N is a nilpotent 2 x 2-matrix. If i ^ 2, and i"^ does not divide a\ — 4a2 + 8g, or ^ = 2, 
and 4 does not divide ai + 02 + 1 — 2q, then N 7^ 0; 

(5) : if fA{t) = {t- aY mod then A[^] = A{f{t + a), N), where N is a nilpotent 4x4- 
matrix. 

Suppose that fA has multiple roots, then we have the following three cases: 

(6) : fA = , where P has no multiple roots. Then 

(a) : if P has no multiple roots modulo i, then y4[£] = v4(P, 0) © A(P, 0); 

(b) : if P{t) = (t- ay mod i, then A[i] = A{P{t + a), Ni) © A{P{t + a), N2), where 
Ni and N2 are nilpotent 2 x 2-matrixes. 

(7) : fA(t) = (t ± y/q)^{t'^ — bt + q), where Pi{t) = t^ — bt + q has no multiple roots. Let 

P2{t) = {t±^f. 

(a) : If Pi ^ P2 mod ^, and Pi has no multiple roots modulo I, then A\(\ = A{Pi, 0) © 

A(P2,0). 

(b) : // Pi ^ P2 mod i, and Pi{t) = {t - af mod i, then A[i] = A{Pi{t + a),N)® 
A{P2,0), where N is a nilpotent 2 x 2-matrix. 

(c) : If Pi = P2 modi, then 

(i) : either A[i] = A{Pi{t + a)t, N)®A(t, 0), where N is aSxS nilpotent matrix; 
or 

(ii) : iff divides Pi{t^), then A[l] = A{Pi{t + a),N) © A{t^,N), where N is 
a nonzero 2x2 nilpotent matrix. 

(8) : IffAit) = (t±v/g)^ thenA[i]=Ait\0). 

Conversely, for any groupscheme G described above there exists an abelian variety B in the 
isogeny class of A such that B[£] = G. 

Proof. Assume first that /a has no multiple roots. Note that if /a(^) = [t — a)^{t — 13) mod £, 
then a = P mod i. Thus by Corollaries 13 . 71 and 13 . 81 the cases (1) — (3) and (5) follow. In the case 
(4) we have A[i] = A{fA, N), where is a nilpotent 2 x 2-matrix, and could be zero if and only 
if P = Ze[t]/ fA{t)Ze[t] is not a DVR. Indeed, if R is regular, then Te{A) is free, and hence A^ 7^ 0. 
If R is not regular, then the integral closure O of R is an example of an P-module such that 
O/iO = A{fA, 0){k). By Dedekind lemma [ZP97l 5.55], R is regular if and only if (/a - h^)/i is 
prime to h modulo i. An easy computation shows that the two polynomials are coprime if and 
only if i"^ does not divide a1 — 4a2 + 8g for £ 7^ 2, and 4 does not divide Oi + 02 + 1 — 2g for £ = 2. 

Assume now that fA has multiple roots. It follows from the classification of Weil polyno- 
mials (see |MN02] ). that only the cases (6) — (8) are possible. The case (6) follows from the 
Proposition 13. 9^ and the case (8) is obvious since Frobenius acts by multiplication by Ty/q- By 
Corollary 13. 71 conditions of (7a), (76) and (7c(i)) are necessary. Let us prove the sufficiency. First 
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we construct Tate modules with the prescribed Frobenius action. The case (7a) is obvious and 
in (76) Ti{A) = Ti © T2, where Tj is a free module of rank 2 over Ri = Zi[t]/ PiZi[t]. The module 
Ti is uniquely determined, and T2 can be constructed using Theorem 13.31 

In the case (7c(z)) we construct the Tate module as the sum T^i^A) = Ti © T2, where Ti is a 
module over Ri = Z^[t]/(t ± ■yyq)Zi[t], and T2 is a module over R2 = Zi[t]/Pi(t + a)tZi[t]. By 
Theorem 13.31 for any 3x3 nilpotent matrix such that Np(Pi(t + a)t) lies on or above Yp(A^) 
there exists an i?2-module T2 such that F acts on T2/iT2 with the matrix =f y/Qli- Then 
T = i?i © T2 is the desired Tate module. 

Suppose now that we have a module T from the case (7c(m)). Let P{t) = tPiit =F a/^)- By 
Proposition 15.31 there exists a matrix factorization {X,Y) such that detX = /^(t =f y/g) and 
YX = P{t). Moreover, X = diag(t^,t^) mod i. Define T' by a presentation: 

(3) Z4t]2 ^ Z^t]^ ^ T' ^ 0, 

Note that det F = P{tf/fA{t T ^) = Piit T ^g), and Y = diag(t,t) mod i. Thus T' is a 
module over R' = Z^[t]/PiZ^[t]. By Theorem 13.21 such a module exists iff Np(Pi(t =1= ^/q)) lies on 
or above the Young polygon (1, 1). It follows that if T exists then i"^ divides Pi(=Fv^)- On the 
other hand if £^ divides Pl{l^^/(j), then we can construct a module T' over R' such that F acts 
on T'/iT' with the matrix =py^/2. By Proposition 15.31 there exists a matrix factorization {Y,X) 
such that det Y = Pi(t=F \/9) and XY = P{t). Then the matrix factorization {X, Y) corresponds 
to a desired module T. By Lemma 12.11 there exists an abelian variety B in the isogeny class of 
A such that T^Ti{B). □ 



7. KUMMER SURFACES 

Suppose p 7^ 2. Let A be an abehan surface, and let r : A —t- A be an involution a 1— )■ —a. 
Let Pa '■ A ^ A/t he the quotient map. The variety X = A/t is singular, and pa(^[2]) is the 
singular locus. Let a : 5* — X be a blow up of pa(^[2]). Then S is smooth. It is called a 
Kummer surface. In this section we compute zeta functions of Kummer surfaces in terms of the 
zeta functions of the covering abelian surfaces. 

Let X be a variety over a finite field F^, and let Nd be the number of points of degree 1 on 
X © Fgd. The zeta-function of X is a formal power series 

d=l 

If X is smooth and projective, then Zx{t) is rational. For an abelian variety A we have the 
following formula: 

(4) zx{t) = i[p,{tY-'y^\ 

1=0 

where Pi{t) = det{l - tF\ /\' Ve{A)). Note that if fA{t) = Uit-ujj), then 

ji<-<ji 

In particular, Pi(t) = ^^^/^(j), and Za(^) = ^b(^) if and only if A and B are isogenous. 
First we prove a general formula for the zeta function of a Kummer surface S. 
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Theorem 7.1. Let 

4 

i=0 

be the zeta function of an ahelian surface A. Then 

(5) Zs{t) = {l-t)-'P{t)-\l- qH)-\ 
where 

(6) P{t) = P,{A,t) n {l-{qtY''n- 

a&A[2\ 

In particular 

(7) \S{k)\ = ^^^^^ Y''^"^^ + ^l^[2](A:)| 
Proof. Since 5* is a blow up of X, we have 

zx{t)=zs{t) n (i-i^^r^^^-)- 

aeA[2] 

Let us prove that 

where = det(t - F*") is a Weil polynomial oi Ar = A0 F^r. Let A(r) = A42](IFg'-)- It is well 
known that fA{n) = deg(n — F) for n G Z, were deg means the degree of an isogeny |Mum70j . 
There are two types of possible fibers of the map pa over a nonsingular F^r-point of X. 

(1) The fiber is a union of two points of degree 1. We have such fibers. 

(2) The fiber is a point of degree 2. We have f''^'^}^"^^^^ such fibers. 
This gives the desired equality. 

Let fr{t) =t^ + ai{r)t^ + a2{r)t^ + ai(r)g^t + g^^, then a2(r) = tT{F'-\H'^{A, Qe)), and 

r=l 

exp(y' -) exp( V ^ ) exp( V ) = 

^^^^J Ijrt ^^^^^ ly ^^^^^ qy 

r=l r=l r=l 



The last equality follows from lemma C.4.1 of |Ha77] . □ 

Now we classify the zeta functions of A\2\ in terms of the Weil polynomial f a- Let be the 
number of points of degree r on A\2\. Then P{t) = P2{A,t) Ylri^ ~ {I'tY)^'' ■ We compute the 
numbers hr using Theorem 16.11 

Suppose first that has no multiple roots, and assume that /^(i) = (t + 1)^ mod 2. Note 
that the slopes of Np(/^(i(: + 1)) may be greater than 1. This may create many unnecessary cases 
in the table below. However, we can use the polynomial f{t) = fA(t + A) instead of /^(t + 1), 
where A = 1 mod i, satisfy the property that slopes of Np(/(t)) are less then or equal to 1. 
Equivalently, we take Np(/yi(t + 1)) and change all its slopes that are greater than 1 to 1. This 
operation simplifies the notation, and clearly, it does not change the final answer, since all the 
slopes of Young polygons are not greater than 1. 
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Table 1: 



Slopes of Np(/(t)) 




(1/4) 


h = 2, 62 = 1, 64 = 3 


(1/3,1) 


= 2,62 = 1,64 = 3 
61 = 4, 62 = 2, 64 = 2 


(1/2, 1/2) 


61=2,62 = 1,64 = 3 
61 = 4, 62 = 2, 64 = 2 
61 = 4, 62 = 6 


(2/3, l),(l/2, 1, 1) 
or (3/4) 


6i = 2,62 = 1,64 = 3 
61 = 4, 62 = 2, 64 = 2 
61 = 4, 62 = 6 
61 = 8, 62 = 4 


(1,1,1,1) 


61=2,62 = 1,64 = 3 
61 = 4, 62 = 2, 64 = 2 
61 = 4, 62 = 6 
61 = 8, 62 = 4 
61 = 16 



If fAit) ^{t + 1)4 mod 2, then 

Table 2: 



fA{t) mod 2 




+ + + t + 1 


61 = 1, 65 = 3 


+ + t + 1 
and 4 does not divide /a(1) 


61 = 2, 62 = 1, 63 = 2, 66 = 1 


+ + t + 1 
and 4 divides /yi(l) 


61 = 2,62 = 1,63 = 2,66 = 1 
61 = 4, 63 = 4 


t* + t' + l 
and 4 does not divide ai + 02 + 1 — 2g 


61 = 1,63 = 1,66 = 2 


f' + t' + l 
and 4 divides ai + 02 + 1 — 2g 


61 = 1,63 = 5 
61 = 1,63 = 1,66 = 2 



If /a has multiple roots, we have three cases of theorem 16.11 Let /a(^) = -Pa(^)^ then there is 
the following table: 

Table 3: 



PA{t) mod 2 




t' + t + l 


61 = 1,63 = 5 


t' + l 

and 4 does not divide -P4(l) 


61 = 4, 62 = 6 


t' + l 
and 4 divide ^4(1) 


61 = 4, 62 = 6 
61 = 8, 62 = 4 
61 = 16 
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If /yi(t) = (t ± y/q)f(t), then the table looks as follows: 

Table 4: 



f{t) mod 2 




t' + t+l 


6i = 4, 63 = 4 


t' + l 


61 = 8, 62 = 4 


and 4 does not divide /(I) 


61 = 4, 62 = 2, 63 = 2 


+ 1 


bi = 16 


and 4 divide /(I) 


61 = 8, 62 = 4 
61 = 4, 62 = 6 
61 = 4, 62 = 2, 63 = 2 



Finally, if = ± v^)^; we have bi = 16. 
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